We construct the most general low-energy effective lagrangian including local parity violating terms parametrized by an axial chemical potential or chiral imbalance µ5, up to O(p 4 ) order in the chiral expansion for two light flavours. For that purpose, we work within the Chiral Perturbation Theory framework where only pseudo-NGB fields are included, following the external source method. The O(p 2 ) lagrangian is only modified by constant terms, while the O(p 4 ) one includes new terms proportional to µ 2 5 and new low-energy constants (LEC), which are renormalized and related to particular observables. In particular, we analyze the corrections to the pion dispersion relation and observables related to the vacuum energy density, namely the light quark condensate, the chiral and topological susceptibilities and the chiral charge density, providing numerical determinations of the new LEC when possible. In particular, we explore the dependence of the chiral restoration temperature Tc with µ5. An increasing Tc(µ5) is consistent with our fits to lattice data of the ChPT-based expressions. Although lattice uncertainties are still large and translate into the new LEC determination, a consistent physical description of the those observables emerges from our present work, providing a theoretically robust model-independent framework for the study of physical systems where parity-breaking effects may be relevant, such as heavy-ion collisions.
I. INTRODUCTION
The possibility of the existence of space-time regions where parity is violated locally in QCD has attracted a lot of attention over recent years, mostly motivated by appealing theoretical proposals such as the Chiral Magnetic Effect [1, 2] . Thus, local metastable P -breaking configurations can be created out of the QCD vacuum, still preserving global P conservation, giving rise to observable effects when coupled to the magnetic field created in heavy-ion collisions. The same effect can lead to interesting applications in condensed matter physics [2] . The presence of such local P -breaking configurations can influence other observables in heavy-ion collisions, such as the dilepton spectrum [3, 4] .
A convenient way to parametrize such a P -breaking source or chiral imbalance is by means of a constant axial chemical potential µ 5 to be added to the QCD action over a given finite space-time region. The axial current is not conserved at the quantum level due to the U (1) A axial anomaly equation. However, it is conserved at the lagrangian level in the massless limit. Thus, from the Atiyah-Singer index theorem, the chiral charge
satisfies Q 5 = N L − N R with N L,R the number of left (right) zero modes of the Dirac operator. The characteristic time of L − R quark oscillations is of order 1/m q [5] which is much larger than the typical fireball duration at least for m u,d . This supports that for the light u, d quarks Q 5 may remain approximately conserved during the fireball evolution in a typical heavy-ion collision, giving rise in the light quark sector to a chemical potential term even for nonzero light quark masses:
in the QCD generating functional Z QCD [v, a, s, p, θ] in the presence of vector, axial, scalar, pseudoscalar and θ sources [6, 7] . Equivalently, one can perform a U (1) A rotation on the quark fields q → q = exp [iβ(x)γ 5 ] q and choose β(x) = θ(x) 2N f , which allows to trade the axial and θ terms in the absence of additional vector or axial sources:
II. CONSTRUCTION OF THE EFFECTIVE LAGRANGIAN
We consider the effective low-energy representation of the generating functional Z[v, a, s, p, θ] in the case v = p = 0, s = M and the axial source given by (3) . We will also consider θ = 0 except for the discussion of the topological susceptibility in section V E. The construction of the most general, model-independent, effective lagrangian can be carried out within the framework of the external source method, originally introduced in [6, 7] for the SU (2) and SU (3) chiral lagrangian respectively. Within this formalism, the building blocks are the meson fields U and the external sources v, a, s, p, θ, which transform under local transformations of the chiral SU L (N f ) × SU R (N f ) group so that the action is invariant, up to anomalies. The use of the equations of motion (EOM) to a given order, as well as operator identities, allow to express the lagrangian in terms of the minimum number of operators [6, 7, 25] . The effective lagrangian formalism should be such that the ultraviolet divergences at a given order can be absorbed by the lowenergy constants (LEC) multiplying the different operators, whose finite part can be fixed by the phenomenological analysis of lattice or experimental data.
This formalism is well defined around the low-energy limit of the theory. Therefore, one has to keep a consistent power counting for derivatives of the meson field and for the external sources in a generic momentum scale p. Thus, d µ U, v µ , a µ = O(p), s, p = O(p 2 ). Therefore, from (3), we should keep µ 5 formally as an O(p) quantity in the chiral power counting, so that our present treatment is best suited for low and moderate values of µ 5 . Although we shall be more precise below about the numerical range of applicability for given observables, we emphasize that our main purpose is to define a model-independent framework as a benchmark for lattice and theoretical model analyses.
Two important additional aspects should be taken into account in the derivation of the effective lagrangian in the present case:
First, in the original works [6, 7] , the external sources v, a, p were considered as traceless SU (N f ) fields and therefore those results are not directly applicable to our case in (3) . The effective lagrangian with those singlet fields included was derived in [26] for SU (3) and in [27, 28] for SU (2) . The main interest of those works was to apply it to the Electromagnetic (EM) field v 0 µ = eA µ Q with Q the quark charge matrix, following previous ideas in [29] . To construct the lagrangian in that case, the so called "spurion" fields Q L,R (x) are introduced, so that the diagonal part of the QCD lagrangian coupled to external fields is written as
with P L,R = (1 ∓ γ 5 )/2 and where Q L,R (x) and A µ also transform under chiral transformations, which implies that there will be additional terms in the effective lagrangian depending on Q L,R . The EM case corresponds to Q L = Q R = Q and A µ the gauge field, although most of the formalism developed in [26, 28] is developed for arbitrary Q L,R and A µ . Therefore, in our present case, from (3) we have
where we have conveniently normalized with F , the pion decay constant in the chiral limit, for an easier comparison with previous works dealing with the EM case [26, 28] . Note also that we place the µ 5 term in the Q part, to be consistent with the convention of power counting for the Q fields followed in those works.
The second observation has to do with covariant derivatives, which for the case (5) read
with I = L, R and G µI = Q I A µ . Using the standard identity tr U † ∂ µ U = 0 for SU (n) fields [25] , for the choice (6) we have
Therefore, the operator tr U † d µ U has to be considered as an additional operator for constructing the lagrangian to a given order, unlike in standard ChPT or in the EM case Q L = Q R = Q where that operator vanishes.
Summarizing, the most general lagrangian at a given order is constructed out of the following fields, where we indicate their chiral power counting:
where χ = 2B 0 (s + ip) and
which transform under chiral rotations as [26] :
where g L,R ∈ SU (N f ) with N f = 2, 3 light flavors. The lagrangian is constructed demanding the same invariance properties as the QCD one with external sources, namely under chiral rotations, Lorentz covariance and P, C symmetries [26] :
Although in our particular case (6), we have explicitly broken P and Lorentz covariance in the QCD lagrangian, keeping Q L,R arbitrary within the external source method, transforming according to (11) and (12) under those transformations, ensures that one is taking into account all possible terms. After using EOM and operator identities, we will replace in the end the Q L,R fields by (6) .
In turn, with this procedure, we will be constructing the most general lagrangian for arbitrary Q L,R , which may be useful for other purposes. Such lagrangian will be a generalization of that considered for the EM case in [26] [27] [28] , which we will reobtain as a consistency check in the case Q L = Q R . In fact, some of the needed new LEC multiplying the lagrangian terms in our case will be related to the EM LEC in those works.
III. THE LEADING ORDER O(p 2 ) LAGRANGIAN
It is not difficult to see that the lowest nontrivial order lagrangian that one can construct for our present case through the previous procedure is the same as in the standard case, i.e., O(p 2 ). Thus, at O(p 0 ), the only ingredient that we can use is the field U , and then all possible terms are constants, independent of µ 5 and then irrelevant for our purposes, while at O(p), the only nontrivial operator with the allowed symmetries and arbitrary Q L,R is
which vanishes exactly for the particular choice (6) .
To O(p 2 ), we have, on the one hand, the standard lagrangian in terms of the covariant derivative in (7) , including the additional term coupling the Q and U fields needed to explain the electromagnetic mass difference of pions [6, 26, 28] :
with F the pion decay constant in the chiral limit and M 2 = 2B 0 m the tree-level neutral pion mass. We recall that the above equation is valid for arbitrary Q l and Q R . Taking the EM limit Q L = Q R = Q, one can relate the constant C with the EM pion mass difference as M 2 π + − M 2 π = 2Ce 2 /F 2 at tree level.
On the other hand, according to our discussion in section II, the following operators are also allowed to this order:
where in the r.h.s. of the above equations we have replaced for those operators our present choice of Q L,R given by (6) , using (9) . Replacing in addition the covariant derivative (8) in (14) yields finally for N f = 2:
where the κ 0 constant accounts for the operators in (15) and we have denoted Z = C/F 4 following the notation in [28] . Note that numerically Z ∼ 0.8 [28] and therefore we will keep that contribution in what follows. Therefore, at this order, the only modification to the chiral lagrangian is a constant term, which will contribute to the vacuum energy density and to the chiral charge density, as we discuss below.
Regarding renormalization, it is important to point out that κ 0 should be finite, since there are no loop divergences to cancel out at this order. We will get back to the renormalization of the new LEC in the following sections.
Finally, we remark that the equations of motion to O(p 2 ) are µ 5 -independent. In our present case they become:
and one can easily check that the all the µ 5 contributions cancel in (17) .
IV. NEXT TO LEADING ORDER: THE O(p 4 ) LAGRANGIAN
Before discussing the O(p 4 ) we should check first if there are nonvanishing O(p 3 ) terms. The list of all possible terms of that order allowed by the symmetries is listed in Appendix A. One can readily check that all of those operators vanish for the choice (6) .
Another important comment regards the Wess-Zumino-Witten (WZW) anomalous part of the lagrangian, which is also O(p 4 ). However, there are no µ 5 -dependent contributions in SU (2), since the WZW lagrangian in that case is independent of the singlet axial field [30] .
Let us then follow the same procedure as before, now to O(p 4 ). The lagrangian to this order will consist of the usual SU (2) terms in [6, 7, 28] with the covariant derivative d µ in (7) , plus new terms constructed out of the Q operators and the operator tr(U † d µ U ), as commented above. The LEC associated to those new terms will be labelled k i and the resulting lagrangian is given in eq. (19) below. Let us explain the origin of the different terms in that equation. For that purpose, it is convenient to classify the different operators contributing according to the number of Q fields.
It is not difficult to see that there are no surviving terms with one or three Q fields. These include Gdd terms like
and so on, which in principle could contribute after partial integration moving the derivative acting on the Q fields to the other fields and using the equations of motion (17) . However, those terms vanish for our choice of G µI after such partial integration. Terms of the form tr G L µν d µ U † d ν U , tr G R,L µν G µνR,L and tr G R µν U G Lµν U † do not contribute either for our present case. Terms without Q fields include the usual chiral lagrangian at this order [6, 7, 28] plus new terms which will contain tr(U † d µ U ). In Appendix B 2 we list all the possible terms of this type. Using the equations of motion, all possible terms with two or more derivatives acting on the same field can be rewritten in terms of those with single derivatives. The latter holds also for terms with derivatives acting on the χ fields, which after partial integration and the use of the equations of motion can be reduced to those in (B23). In addition, as discussed in Appendix B, SU (2) operator identities allow to reduce the number of independent terms.
After these considerations, the lagrangian without explicit Q fields is the usual one in [28] , where the µ 5 corrections are those containing the covariant derivative d µ in (7) , namely,
plus the new contributions given by the k 1−5 terms in (19) . In the l 4 term as is customary [25, 31] we have transformed the l 4 contribution from [28] by using partial integration, the equations of motion (17) and the identity (B5), which give rise to the terms containing l 4 in (18) plus terms to be absorbed in the k 4 , k 5 and k 16 operators in (19) . We do not include in (18) the l 5 , l 6 , h 2 terms in [28] , which contain G L,R µν and do not contribute here as explained before. As for terms with two Q fields, the possible contributions are of the form ddQQ and χQQ. Once again, trace identities can be used to eliminate some of the operators. In particular, we have used eqns. (B6)-(B11) and (B21). The different operators of this kind contributing to the lagrangian are those multiplied by the LEC k 6−25 in (19) . We have followed [28] as a guide and for notation, although, as explained, new terms appear with respect to that work which vanish for Q L = Q R .
Apart from the above, one could in principle have the (cQ)Qd and (cQ)(cQ) operators appearing in Appendix B 3 and B 4 and listed in equations (B24) and (B25) respectively. By partial integration, all those terms can be brought in our present case either to a vanishing contribution or to some of the ddQQ and χQQ contributions already considered.
Finally, we have to consider terms with four explicit Q fields. The relevant trace identities to be used are now (B12)-(B18) and the operators contributing are those multiplying the new LEC k 27−37 in (19) .
According to our previous discussion the SU (2) lagrangian containing the new operators is finally:
so that the full O(p 4 ) lagrangian relevant for our analysis at this order reads L 4 = L 0 4 + L 4 with L 0 4 in (18). The k i constants above are dimensionless and can be compared with the EM LEC k i by taking from the general expressions above Q L = Q R = Q with Q = ediag(2/3, −1/3) as considered in [28] , which implies in particular (tr Q) 2 = (1/5)tr(Q 2 ), tr(Q)tr(Q 3 ) = (9/25)tr 2 (Q 2 ), tr(Q 4 ) = (17/25)tr 2 (Q 2 ). Thus, we get: 
Note that since the trace condition used in [28] is different from our choice (6), the combinations of k i constants that will appear in the different observables in our case will be different in general than those in (20) . Therefore, we will not be able to determine all the LEC appearing in the µ 5 -dependent terms in terms of previously known ones. As we will explain below, one can use recent lattice analysis to estimate some of those constants, which one would expect that remain within the same order of magnitude than the k i ones, from the previous expression (20) .
Next, let us replace the choice (6) in the above lagrangian, namely in (18) and (19), in order to get the form of the explicit µ 5 -corrections. We obtain
with L 0 4 in (18).
A word about renormalization is in order here: the k i or the κ i LEC have to be renormalized in order to absorb the divergences coming from loops, in the same way as the l i and the k i [6, 28] , namely:
in dimensional regularization (DR), where the superscript "r" denotes the finite part and
with µ the renormalization scale. The values of the β i coefficients will be determined through the analysis of the various observables in the sections below and will imply then conditions on the renormalization of the k i showing up in the combinations (22)- (27) . In the case of κ 0 in (16), since it shows up at O(p 2 ), there is no counterterm associated to that constant, so that β 0 = 0 as emphasized in section III.
V. PHYSICAL CONSEQUENCES

A. Pion dispersion relation
Let us start by analyzing the corrections to the kinetic part of the lagrangian coming from the O(p 4 ) µ 5 -dependent corrections in (21) . The O(π 2 ) part of L 4 in (18) and (21) is given by:
with M 2 = 2B 0 m. The different coefficient for the tr(∂ 0 U ∂ 0 U † ) and tr(∂ i U ∂ i U † ) terms translate into different values for the spatial and time components of the pion decay constant, as would be generally expected in a Lorentz covariance breaking scenario [32] . In our present case we have, up to NLO in ChPT,
F t π and F s π being respectively the generalization of F π for the timelike and spacelike components of the axial current through the PCAC theorem [32] . At tree level, they arise directly from the coefficients of the tr(∂ 0 U ∂ 0 U † ) and tr(∂ i U ∂ i U † ) terms in the lagrangian. In the above equation we are including in F 2 π (0) the one-loop and l i standard ChPT corrections [6] . Here, it is important to remark that F t π /F s π = 1 implies a reduction of the velocity of propagation of pions [32] as we are about to see.
When taking into account the above corrections to the derivative terms together with the κ 3 correction to the mass term in (21) , one ends up with the following dispersion relation to this order:
Here, A, B are the coefficients of the loop contributions renormalizing the p 2 and M 2 terms of the dispersion relation at µ 5 = 0, where ∆ = G(0)/F 2 is the tadpole contribution with G(x) the leading-order pion propagator. The divergent part of ∆ is absorbed in DR in the standard renormalization of the l i [6] .
The two main physical consequences of the above dispersion relation are, on the one hand, a modification of the relativistic pion velocity for massless pions, which at this order is purely a µ 5 effect, namely,
On the other hand, the loss of Lorentz covariance implies also a different result for the pion mass, depending on whether we take | p| = 0 (static/pole mass) or p 0 = 0 (screening mass):
where M 2 π is the µ 5 = 0 mass at this order including one-loop and l i terms.
Regarding renormalization, the finiteness of the observables (31), (32), (37), (38), (39) require
The above renormalization conditions highlight the importance of including properly the new terms in the lagrangian (19) . For instance, the presence of the k 2 term is crucial to guarantee β 2 = 0 once the relation with l 2 in (23) is taken into account, since that condition would not be fulfilled by l 2 only, whose renormalization is given in [7] .
As for the numerical values of the LEC κ 1 , κ 2 , κ 3 involved, there is no information available from the lattice regarding the pion dispersion relation at µ 5 = 0. Measuring screening masses for light mesons is, in principle, feasible in the lattice, so it would be useful to have such measurements for µ 5 = 0 available in the near future. However, we can have some insight from physical requirements. Hence, requiring that the pion velocity in (37) remains smaller than the speed of light for any µ 5 yields
The additional requirement that the two squared pion masses in (38) and (39) remain positive would lead to κ 1 − κ 3 < 0. However, that may be a too restrictive condition, since a decreasing pion mass for low and moderate values of µ 5 does not necessarily imply a tachyonic mode, given that higher order corrections may change this behaviour. In any case, a tachyonic mode is not necessarily related to an unphysical spectrum [17] and it could indicate for instance phases of pion condensation [33] . We will actually come back to the issue of the sign of that particular LEC combination below, in connection with chiral restoration (section V C) and the chiral charge density (section V D).
Just to obtain a rough estimate of the above results, we plot in Fig. 1 the dependence of v π and M 2 π with µ 5 expected within the numerical range of LEC around their so-called natural values 1/(16π 2 ) which is their expected size from loop corrections [26, 28] . For the numerical values of the standard low-energy parameters, we will take the recent results quoted in [34] and references therein. Thus, we take F π (0) = 92.2 MeV, its physical value, F = 85.93 MeV, M π (0) = 140 MeV, M = 130.96 MeV. For the results showed in this figure, we have replaced for simplicity F 2 → F 2 π (0) in the right hand side of (31)and (32) , and M 2 → M 2 π (0) in (38) and (39), which is perturbatively equivalent to this order. Thus, as long as we remain within natural values for the corresponding LEC involved, the estimated band for M 2 π pole,scr (µ 5 )/M 2 π (0) and F 2 π t,s (µ 5 )/F 2 π (0) look the same. (32) , (38) and (39) respectively.
It is worth mentioning also the comparison of our results with previous model analysis. The results in [17] within a generalized sigma model, show a decreasing behaviour of the pion mass with µ 5 after diagonalizing a π − a 0 µ 5dependent interaction. Actually, tachyonic modes appear in that work for high enough µ 5 and pion momentum. The results of that paper are compatible with ours for the µ 5 range showed in Fig.1 . In addition, the increase in F 2 π found in [17] would correspond to positive κ 1 according to our present analysis and is also numerically compatible with our results in Fig.1 . Our analysis for other observables below will show that the lattice results support κ 1 > 0, κ 1 +κ 2 > 0, κ 1 − κ 3 > 0, hence compatible with the results in [17] , although the sign of κ 1 + κ 2 − κ 3 is not determined.
B. The vacuum energy density
Let us analyze the vacuum energy density defined as
where Z(T, µ 5 ) = Z(0, a 0 = µ 5 1, M, 0, 0) is the Euclidean QCD partition function after the replacement i dx 0 → β 0 dτ with τ = ix 0 and β = 1/T the inverse temperature. Relevant global observables can be derived from , such as the light quark condensate and the scalar susceptibilty signaling chiral symmetry restoration, as well as the chiral charge density corresponding to the chiral charge (1) . The µ 5 corrections come from the lagrangian up to O(p 4 ) given in sections III and IV within ChPT. As customary, let us write
At O(p 2 ), it only contributes the constant (field-independent) part of the L 2 lagrangian in (16) . This is symbolized by the first contribution in Fig.2 labelled "2" (we follow a similar notation as [35] ) which yields the following contribution independent of temperature and volume: The O(p 4 ) includes, on the one hand, the contribution from the kinetic O(π 2 ) part in (16) , which is nothing but the energy density of a free pion gas. This is the closed loop diagram labelled "4a" in Fig.2 , which is µ 5 -independent. On the other hand, the diagram "4b" refers to the field-independent terms from L 4 in (18) and (21) . Up to an irrelevant constant, we have in the isospin limit m u = m d
where we have displayed explicitly the volume and temperature dependence of 4a as well as its temperature dependence in the infinite volume limit, with ω n = 2πnT (n ∈ Z),
The contribution 4div in (44) contains a divergent part proportional to λ in (29) . In particular, using (C2) in Appendix C,
which is T -independent and whose divergent part is also V independent. The divergent λ contribution in 4div cancels with that of the LEC combination in (45) with the renormalization of those LEC provided in [7] , namely,
The functions g k (M, T ) above are characteristic of the meson gas. They are defined in [35] and satisfy the recurrence relation g k = −dg k−1 /dM 2 . Specifically,
The above three functions are positive, vanish for T = 0 and increase with T for any mass M . In the chiral limit g 0 (0, T ) = π 2 T 4 /45, g 1 (0, T ) = T 2 /12 and g 2 (
Up to O(p 4 ), the only temperature (and volume) dependence of the energy density is contained in the µ 5 = 0 part, namely in the free pion gas contribution (44) . For some of our subsequent analysis it will be interesting to analyze the nontrivial T and V dependence arising at the O(p 6 ), although the prize will be to introduce more unknown LEC.
The diagrams contributing to 6 are also depicted in Fig.2 . The "6a" contribution stands for the two-loop closed diagram with four-pion vertices coming from L 2 , which is therefore µ 5 independent and has been calculated in [35] :
with G the euclidean free pion propagator, i.e,
where the divergent part is contained in the T = 0 contribution, which for V → ∞ it is given in (C1). The contribution from diagram "6b" stands for the O(π 2 ) part of the L 4 lagrangian given in (30) and is the one containing the combined µ 5 and T dependence. Following similar steps as above, the sum of diagrams 4a and 6b is written in terms of
Up to order O(p 6 ) in the energy density, we can expand the expression in (52) up to first order in a − 1, b − 1, c − 1, or, equivalently up to first order in 1/F 2 . Thus, performing the Matsubara sums n , we get
where (0) 6bdiv and
6bdiv are µ 5 and T independent divergent contributions in DR. In the V → ∞ limit they can be obatined from the integral (C3) in Appendix C. We get
Finally, the "6c" contribution collects the field-independent contributions coming from L 6 , which involves three new LEC for the µ 5 -dependent part, namely
Note that the divergent part coming from the crossed G(x = 0, T = 0)g 1 term in 6a in eq.(50) cancels with the l 3 contribution in (54), while the G(x = 0, T = 0) 2 term in (50) and the (0) 6bdiv term in (54) cancel with the c contribution in (57) with the renormalization c = c r (µ) − 6l r 3 (µ)λ + (3/2)λ 2 . As for the µ 5 -dependent contributions, the (2) 6bdiv µ 2 5 contribution in (54) is absorbed in the renormalization of γ 2 in (57) with
The energy density up to the order calculated here is therefore finite and scale-independent with the renormalization of the LEC that we have just explained, which is a welcomed consistency check. One immediate conclusion is that the LEC γ 0 , γ 1 in (57) are not renormalized. Also, since the energy density has to remain finite for any M , the κ 4 contribution in (45) does not get renormalized either, so that
In addition, we have checked that the µ 5 = 0 part of the energy density as given here agrees with [35] up to O(p 6 ).
In the following sections we will consider different observables that can be obtained from the energy density, and comment on their determination in lattice analysis, which will allow us to gain some information about the κ i LEC involved.
C. Chiral symmetry restoration: the quark condensate and the scalar susceptibility
The main features of chiral symmetry restoration can be read from the quark condensate and the scalar susceptibility, derived from the vacuum energy density as
with m = m u = m d in the isospin limit. The chiral crossover transition would be characterized by the quark condensate developing a sharp inflection point at the transition temperature T c and the scalar susceptibility developing a peak at T c , as confirmed by lattice analyses [36, 37] . In the chiral limit, a second-order transition takes place with vanishing condensate and divergent susceptibility [38, 39] . The ChPT expansion is adequate to provide the low and intermediate temperature behaviour for those quantities, i.e, in the T region where the hadron gas is dominated by the lightest states. More accurate predictions need the inclusion of higher mass states [40] . However, the pion gas may still provide a valid qualitative picture of chiral restoration close to the chiral (or infrared) limit M → 0 + which can be formally understood as T M , and where the pions are meant to be the main component responsible for the melting of the quark condensate [35, 39] . In addition, near the chiral limit, the transition temperature determined in ChPT as the vanishing of the quark condensate coincides with other determinations such as the degeneration temperature of the scalar and pseudoscalar susceptibilities [41] .
Our main purpose in this section will be to study the evolution of chiral restoration for nonzero µ 5 , and hence of the quark condensate and the scalar susceptibility and for such purpose the ChPT treatment will be enough to reach the main conclusions, in particular regarding the role of the κ i LEC and the comparison with lattice analyses.
From the results in the previous section, we see that the first µ 5 correction to the quark condensate is temperature independent and changes the T = 0 value ofl with the term coming from the κ 3 contribution in (45) , so that the leading and next-to-leading orders for the ChPT quark condensate are given by 1 ,
That is, up to this order, the sign of κ 3 determines whether the quark condensate |l | increases (κ 3 > 0) or decreases (κ 3 < 0) with µ 5 and so on for the transition temperature T c estimated from the vanishing of the condensate at this order. As commented in the introduction, lattice analyses at finite temperature favor an increasing behaviour. As for the scalar susceptibility, since the µ 5 corrections to the condensate in (63) are mass independent, χ S is independent of µ 5 at this order. The latter is consistent with the smooth µ 5 dependence observed in the lattice [19] .
The modification to the T = 0 condensate value at nonzero µ 5 provided by (62) allows us to make a rough estimate of a typical µ 5 validity range for the present analysis. Actually, such modification is of the same order as those considered for the pion masses in section V A, so we expect typically that corrections remain below 20% for up to µ 5 300 − 400 MeV.
Nevertheless, in order to improve the precision in the T and µ 5 range, we consider the next to next leading order in the energy density, by including the 6 contributions derived in section V B. The full result for the quark condensate up to that order is given by:
We have checked that the previous expression for µ 5 = 0 coincides with that given in [43, 44] , where the renormalization convention for the LEC is slightly different.
We see that the leading T and µ 5 dependent corrections to the condensate show up in the g 1 and g 2 terms in the r.h.s. of (64), multiplied by different combinations of the κ 1,2,3 constants, whose sign will determine the condensate evolution with µ 5 . Recall that the µ 5 = 0 condensate is negative, g 1,2 are positive increasing functions of T and κ 2 < 0 according to our discussion in section V A.
Although, as we have stated above, the ChPT series for the quark condensate cannot provide quantitative reliable predictions around chiral restoration, we expect it to show its main features, especially near the chiral limit, which would correspond to the high temperature T M of the previous expressions. Thus, in order to provide more quantitative conclusions, let us focus on T c (µ 5 ) determined as the value for which the light quark condensate vanishes. For that purpose, it is very conveniente to consider the chiral series for the ratiol (T, µ 5 )l (0,
since the dependence on the O(p 6 ) condensate at T = 0 cancels, in particular the constants c r and γ r 2 drop out. Note also that for the above ratio, the κ i dependence reduces to the combinations
where κ b latter is precisely the combination renormalizing the pion pole mass in (38) . Noter also that the µ 5 dependence is just quadratic, which in particular implies a quadratic dependence also for T c (µ 5 ) = T c (0) 1 + kµ 2 5 /F 2 for small µ 5 , in accordance with what is found in lattice analysis [19, 20] .
In the chiral limit, the previous condensate ratio becomes particularly simple, depending only on κ a , namely,
which yields the following T c (µ 5 ) dependence:
which for small µ 5 reduces to
with T c (0) = 2 2( √ 15 − 3)F in the chiral limit. In Fig. 3 we plot on the one hand, the expected uncertainty band for T c (µ 5 )/T c (0) within the range of natural values for κ a,b . We take l r 3 (µ = 770) = 0.21 × 10 −3 [34] while for the contact LEC h r 1 , which cannot be determined from direct fits, we use the resonance saturation approximation [29] H r 2 = 2L r 8 for those SU (3) LEC, together with the conversion between SU (2) and SU (3) LEC in [7] and the L r 6 , L r 8 and kaon and eta tree masses extracted from [34] . That gives h r 1 (µ = 770) = 6.8 × 10 −3 . The same approximation has been used in [43, 44] . We show also in that figure the lattice points corresponding to the N c = 2 analysis in [19] (with M π = 330 MeV) and the N c = 3 one in [20] (with M π = 550 MeV) which follow similar trends.
Once we normalize T c to the corresponding T c (0) for each case, we see that ChPT curve for the physical pion mass lies very close to the chiral limit one and that the lattice points clearly fall into the uncertainty given by the natural values range of κ a,b . This confirms that the main features are captured by the ChPT approach for the ratio T c (µ 5 )/T c (0). Actually, we have performed some fits of the lattice results in order to try to pin down the value of the involved κ a,b constants. The results of those fits are given in Fig.4 and in Table I . The uncertainty bands and parameter errors correspond to the 95% confidence level of the fits. We have chosen the set of points obtained in [19] since they provide more points in the low µ 5 regime, where our approach is meant to be more applicable. We see that the chiral limit approach in (69), as commented already, yields a very good description of those lattice data for the ratio T c (µ 5 )/T c (0). A fit with only two µ 5 = 0 points in the chiral limit is shown (fit 1) while for three points (fit 2) we get a smaller error and still a very good fit. When compared to the massive case (fit 3) fixing the κ a parameter to that of fit 2, we get little sensitivity to κ b (which is compatible with zero) showing again that the chiral limit approach with just one parameter κ a is a robust approximation, at least for this particular observable. Actually, setting the two parameters κ a , κ b free does not improve over the results we present here. Finally, we also show a fit wit only the parabolic chiral limit µ 2 5 expression in (70) (fit 4) which provides a very decent approximation for this µ 5 range. The values quoted for the κ a parameter in Table I are all compatible within errors and constitute a rather solid prediction of our present analysis, while for κ b the error quoted in fit 3 is narrower than the natural values range but shows a larger uncertainty than κ a . We end this section by providing the result for the scalar susceptibilty as defined in (61). The leading nonvanishing order O(1) for χ S comes from the mass derivative ofN LO l in (63) which, as stated, above, is µ 5 independent. The next to leading order in χ S is O(1/F 2 ) and corresponds to the derivative ofN N LO l in (64). We get
with χ S (T, 0) given in [43, 44] . As explained above, it is not obvious how to extract useful information about the transition from χ S calculated in ChPT , since the ChPT approach solely does not reproduce the expected maximum [19] while those for Nc = 3 in [20] are showed for reference. The Tc(0) values are the same as in Fig.3 .
around T c . However, retaining only the leading terms in the chiral or infrared limit M → 0 + , the divergent contribution for χ S is meant to carry the essential information regarding chiral restoration [39] . In that limit, we obtain
Interestingly, the coefficient that regulates the dependence of χ S with µ 5 near the chiral limit is precisely κ 1 − κ 3 , appearing in the pole and screening pion mass corrections in (38) and (39) . The lattice data indicate that χ S decreases with µ 5 below the transition [19] , consistently with the peak of χ S signaling the transition moving towards higher values of T . This favors the sign κ 1 − κ 3 > 0, in agreement with the results in [17] on the pion mass. Once more, it becomes clear that lattice measurements on the pion masses would be important to determine at least the sign of the µ 5 corrections, connected as we have just seen with the chiral restoring behaviour. The temperatures considered in [19] are too high to trust a fit based on our previous ChPT chiral susceptibility for a pion gas, as commented above.
D. The chiral charge density and µ5 = 0 stability
Another quantity whose µ 5 dependence has been studied in the lattice is the chiral charge density [18, 22] , defined as 
with ρ (1)
The above expressions provide the ChPT prediction for the chiral charge density, which as in the previous observables discussed, should be applicable at low and moderate values of T and µ 5 . Note that the thermal functions above are multiplied by precisely the same κ i combinations showing up in the pion dispersion relation analysis in section V A and that, according to our analysis in that section and in section V C, κ 2 < 0, and therefore the thermal contribution increases the coefficient of the linear term above in the chiral limit. The sign of κ b = κ 1 + κ 2 − κ 3 is not clear, as we have discussed in section V C. Note that the chiral charge density satisfies ρ 5 (µ 5 = 0) = 0, which is consistent with the Vafa-Witten theorem stating that parity cannot be spontaneously broken in the absence of axial sources [45] . A way out of this theorem is to consider for instance nonzero baryon density [11, 46] .
From the recent lattice analysis in [22] performed for N f = 2, one concludes that for low and moderate values of µ 5 , ρ 5 (µ 5 ) is very insensitive to the quark masses and its behaviour is pretty much dominated by the linear term ρ 5 ∝ µ 5 . This is consistent with our results above since the dominant O(F 2 ) term shows up only in the linear term (75) and is mass independent. Actually, in [22] , that term is estimated simply as 4f 2 π , which is adequate regarding its order of magnitude, but as we have seen in detail here, at that order the contributions from the Z and κ 0 terms have to be considered in addition to that of the pion decay constant. Another relevant comment in this context is that the temperature and volume corrections might have to be considered in future lattice analyses. Actually, in [22] the total four-volume of the lattice is fixed at around (1.7 fm) 4 which would amount to an effective temperature T ∼ 116 MeV. According to our expressions above, that would affect mostly the linear term ρ (1) 5 , although we expect that the corrections are small at those temperatures since they appear at the NNLO O(1/F 2 ) (see below). The lattice analysis in [18] is performed at very high temperatures T > 400 MeV and then our present ChPT-based analysis is less appropriate to describe those results. Nevertheless, the almost linear growth of ρ 5 (µ 5 ) also holds in [18] .
Let us then perform a fit of ρ 5 (µ 5 ) to the lowest values of µ 5 provided in [22] , similarly to what we did in section V C for the critical temperature ratio. For that purpose, and in view of our previous discussion, it makes sense to consider only the chiral limit of our previous expressions for ρ 5 , since we do not expect to extract any useful information about the constants multiplying the mass terms, to which ρ 5 is much less sensitive. We get
With the previous expression, we have performed the fits showed in Fig.5 and Table III , for which the uncertainty bands and parameter errors correspond to the 95% confidence level and we have used the estimate Z ∼ 0.8 in [28] . Lattice errors are not provided in [22] for ρ 5 . In both fits, we have not included the temperature dependent term proportional to κ 2 in (78). Actually, we get κ 2 Table III and setting the natural value κ 2 = 1/(16π 2 ) and T = 116 MeV (as corresponds to [22] ). Thus, for these fits it is completely justified to ignore the volume or temperature dependence, as expected. That contribution is relatively much smaller than the typical error quoted in Table III and therefore no useful conclusion about that value of κ 2 can be inferred from this analysis. The results show that the simple linear dependence setting κ 4 = γ 0 = 0 (fit 1) already fits very well the lowest µ 5 lattice points. The prediction for κ 0 is consistent with the fit allowing the three parameters κ 0 , κ 4 , γ 0 to be free (fit 2) which allow to include an additional point, expected to be more sensitive to the nonlinear dependence. Recall that FIG. 5: Fits of ρ5(µ5) using the chiral limit expression (78) for κ2 = 0. The lattice points used for the fit are those in [22] . the numerical value for κ 0 is not expected to lie within natural values 1/(16π 2 ) since it is a low-energy constant of the L 2 lagrangian. As a consequence of the dominance of the linear term, for the numerical values of κ 2 and γ 0 in fit 2 are affected by larger errors. Our ChPT-based approach essentially captures then the main features of the lattice results.
A relevant issue related to the previous ρ 5 analysis has to do with the stability of the µ 5 = 0 solution. One may wonder whether the free energy admits minima with µ 5 = 0, which would define a characteristic "expected" value for the axial chemical potential, at least within the present low-energy approach. The temperature and volume dependence of such solution is relevant since it could be achieved within a heavy-ion collision and/or lattice environment.
Thus, writing the free energy as (µ 5 ) = (0) − 1 2 ρ (1)
5 µ 4 5 + · · · with the ρ (i) 5 coefficients defined in our previous analysis of the chiral charge density, the behaviour of (µ 5 ) around µ 5 = 0 is controlled by the coefficient of the µ 2 5 term, which according to our previous discussion satisfies ρ (1) 5 > 0 to ensure the growing behaviour of ρ 5 (µ 5 ) observed in the lattice, which appears to be pretty independent of the temperature and volume.
Therefore, (µ 5 ) would have a maximum at µ 5 = 0, which opens up the interesting possibility that the energy density develops a minimum at a nonzero (and not very large) value of µ 5 , which would require ρ is dominated by κ 4 in (76) since the γ 1 contribution is expected to be suppressed, as well as the γ 0 O(µ 6 5 ) term in the free energy given by (77). On the other hand, our previous fits to lattice data suggest κ 4 > 0. In any case, even setting a negative value for κ 4 of the expected size 10 −3 , would give [µ 5 ] min 30F 2600 MeV, much higher than the typical applicability range of our present approach. Therefore, our present analysis does not favor a µ 5 = 0 minimum for the free energy for low and moderate values of µ 5 . This conclusion is independent of temperature and volume, at least at the order considered here.
E. The topological susceptibility
The topological susceptibility for µ 5 = 0 has also been recently analyzed in the lattice [22] and it might provide additional information about the κ i LEC. it is defined as
where (θ) is the vacuum energy defined through (42) when the θ-term is included in the QCD lagrangian. From our µ 5 -dependent effective lagrangian, we can calculate the topological susceptibility by noting that a constant θ term amounts to a complex quark mass matrix according to (4) . This is actually the way that χ top has been calculated within the effective theory ChPT framework for SU (2) and SU (3) [47, 48] . A systematic study within U (3) ChPT including the η has been recently carried out in [49] . It is important to remark that the quark mass dependence of χ top favors the dominance of light quarks, being proportional to M 2 π in the SU (2) limit m u,d m s . Actually, this would explain why the ChPT predictions remain close to the lattice analysis.
Following then the procedure in [47, 48] , one considers a nontrivial unitary vacuum configuration different from U = 1 where U is the Goldstone boson matrix field, namely U 0 = diag e iϕ , e −iϕ where ϕ minimizes (θ) with m u = m d . Now, the only µ 5 -dependent term up to L 4 proportional to the quark mass is the κ 3 contribution in (21) , which has precisely the same form as the mass term in L 2 in (14) . Therefore, at this order this amounts to a redefinition [48] so that we get
with χ top (0) given in [47, 48] . Therefore, the dependence of χ top with low and moderate µ 5 is controlled by the κ 3 constant. We could try to fix it with lattice data as in previous sections. However, the only available results in [22] lack of a solid continuum limit and are therefore quite noisy. The effect of heavy pion masses in the lattice is also expected to be more distorting for χ top than for other observables, due to its mass dependence commented above, and actually there is a high sensitivity to m π in the results in [22] . At most, one can infer from those results a growing tendency χ top (µ 5 ) for large µ 5 , which is not so clear for lower values. Nevertheless, the previous uncertainties reduce considerably by considering the ratio χ top (µ 5 )/χ top (0) for which the expected M 2 dependence is expected to cancel out, as can be seen in Fig.6 , where the lattice data for different masses are compatible within errors. Also, the band of natural values for κ 3 covers widely the lattice points, so it is meaningful to fit the lowest data points with the ChPT curve, which at this order is given by FIG. 6: µ5 dependence of the topological susceptibility chiral transition temperature extracted from the vanishing of the quark condensate.We show the uncertainty bands corresponding to |κ3| ≤ 1 16π 2 . We include the lattice points from [22] for a = 0.0856. [47] [48] [49] . The results of the best fits are showed in Fig.7 and Table III , where we have selected two sets for the lowest masses in [22] . The results for κ 3 are compatible with zero but the error bands corresponding to the 95% confidence level of the fits are much narrower than the natural values showed in Fig. 6 . The lattice points used for the fit are those in [22] .
VI. CONCLUSIONS
In this work we have analyzed the effective chiral lagrangian for nonzero chiral imbalance for two light flavours, through its dependence with the axial chemical potential µ 5 . Our analysis provides a consistent framework for the behaviour at low and moderate values of µ 5 , which would be useful for physical systems where local parity breaking is at work, as in relativistic heavy ion collisions. Thus, we have constructed the most general lagrangian up to fourth order, following the technique of external sources extended to include the singlet components. We have also explored the main phenomenological consequences, paying special attention to the comparison with existing lattice results.
In the lagrangian construction, two different types of operators arise: those coming from the covariant derivative with a singlet axial field a 0 µ incorporated, which are proportional to standard low-energy constants, and new terms allowed by the symmetry in the presence of a 0 µ , carrying new LEC. The second-order lagrangian L 2 only receives a constant (field independent) µ 5 -dependent contribution, which affects the free energy. It contains a new low-energy constant κ 0 . At fourth order, there are two derivative-like terms in L 4 , one of them breaking Lorentz covariance (broken by the choice of a 0 µ ), a mass term and a constant term. All of them are multiplied by combinations of standard and new LEC, giving rise to four undetermined constants κ 1,...,4 , whose renormalization ensures that the µ 5 -dependent corrections to observables are finite.
Regarding the phenomenological consequences, we have analyzed several observables and the dependence of their µ 5 corrections with the κ i constants. The main results are the following:
• The pion dispersion relation is modified through a reduction in the pion velocity due to the Lorentz breaking effect. The same effect implies that the screening and pole pion masses become different, both receiving µ 5 corrections. The LEC involved are κ 2 for the pion velocity, which should be negative to ensure that pions do not become tachyonic, and both κ 2 and κ 1 − κ 3 for the masses. At present, there are no available lattice data to confront here, the screening mass being the most feasible one, which we leave here as a suggestion for future lattice analysis.
• We have calculated the µ 5 corrections to the vacuum energy density up to sixth order, which includes three new LEC coming from the sixth-order lagrangian. We have shown that the energy density is finite and scale independent once the LEC renormalization is properly accounted for. From the energy density, several observables can be extracted, such as the quark condensate, the scalar susceptibility and the chiral charge density.
• Chiral restoration properties at finite temperature have been explored through the light quark condensate and the scalar susceptibility. The transition temperature approximated from the vanishing of the quark condensate turns out to behave quite according to lattice analysis when the ratio T c (µ 5 )/T c (0) is considered in the chiral limit. Actually, this allows to provide a rather trustable numerical value for the combination κ a = 2κ 1 − κ 2 by fitting lattice data. That ratio is pretty insensitive to mass corrections. Actually, including those corrections in the fit gives a worse determined numerical value for the combination κ b = κ 1 + κ 2 − κ 3 , appearing for M = 0. The analysis of the scalar susceptibilty χ S shows that for low µ 5 it is controlled by the same combination κ 1 − κ 3 appearing in the screening mass. A positive sign for that combination would be consistent with the lattice observation of χ S decreasing with µ 5 below the transition.
• The chiral charge density ρ 5 follows essentially a linear behaviour with µ 5 , consistently with lattice data. The constant κ 0 appearing in the linear term can actually be well fixed by fitting the lattice points with the chiral limit ChPT expression, since lattice data for N f = 2 are almost insensitive to the pion mass. Thermal corrections are small here and reduce the size of the linear term in the chiral limit. The fourth-order constant κ 4 and the sixth-order one γ 0 enter in the cubic and fifth-order terms respectively, and can also be reasonably determined. This observed behaviour of ρ 5 in the lattice is at odds with the possibility of a µ 5 = 0 minimum for the free energy for low and moderate values of µ 5 .
• The topological susceptibility χ top dependence with µ 5 has also been determined recently in the lattice, although it is subject to more uncertainties than the previously considered observables. Our ChPT analysis predicts that the lowest order corrections to χ top are of order µ 2 5 controlled by the κ 3 constant. The pion mass dependence uncertainty of lattice points is reduced by taking the ratio χ top (µ 5 )/χ top (0), which allows to obtain a decent determination of κ 3 , albeit with larger errors than other combinations.
From the previous analysis, a consistent picture with lattice data emerges, allowing to determine some LEC combinations with acceptable precision. Taking the average values of the κ a and κ 3 fits performed here in sections V C and V E, one gets κ 1 0.8 × 10 −3 , κ 2 −0.5 × 10 −3 , κ 3 0.3 × 10 −3 although with uncertainties of order 10 −3 , i.e., larger than for particular combinations such as κ a , inherited from the uncertainty in κ b . Nevertheless, it is remarkable to observe that those mean values obey the expected sign conditions discussed above, namely κ 2 < 0 and κ 1 − κ 3 > 0. Apart from describing the observed lattice trends for the observables mentioned above, our analysis points to decreasing pion mass and increasing pion decay constant consistently with recent model analyses. Further lattice observables, such as the screening masses, or improving the precision over existing determinations, would certainly help to narrow this picture.
Summarizing, our present study provides a solid setup for the analysis of chirally imbalanced matter for two light flavours, at low and moderate values of µ 5 , typically µ 5 < ∼ 500 MeV. A rigorous construction of the efective lagrangian has been developed and the main physical effects have been analyzed and compared to existing lattice data, which allows for a first determination of the new low-energy constants involved. Thus, within its applicability range, the present analysis is meant to provide a useful benchmark for model and lattice analysis.
• χQ-like terms:
• QQQ terms:
• Qdd terms 
Using (B1) we can eliminate single traces of operators in terms of double or triple traces. In particular, the following identities hold: 
Two useful additional relations are
Using that and the equation of motion we obtain
Terms with no Q fields
We begin by considering four-derivative operators. The possible terms are:
As customary, one can use SU (2) identities to eliminate some of these operators in favor of the rest. In particular, using the identities (B2), (B3) and (B4) one can eliminate the third, four and fifth terms in (B22).
As for operators including the χ field, the following terms are allowed for constant χ:
Using (B5), the first operator on (B23) can be eliminated.
(cQ) Qd terms
tr d µ U † [(c µ R Q R ) , Q R ] U + d µ U [(c µ L Q L ) , Q L ] U † tr d µ U † Q R U (c µ L Q L ) + d µ U Q L U † (c µ R Q R ) + tr U † Q R d µ U (c µ L Q L ) + U Q L d µ U † (c µ R Q R ) tr(U † d µ U )(tr [Q L (c µ L Q L )] − tr [Q R (c µ R Q R )]) tr(U † d µ U )(tr (c µ L Q L ) U † Q R U − tr (c µ R Q R ) U Q L U † ) tr(U † d µ U )(tr(Q L )tr (c µ L Q L ) − tr(Q R )tr (c µ R Q R )) tr(U † d µ U )(tr(Q L )tr (c µ R Q R ) − tr(Q R )tr (c µ L Q L )) (B24) 4. (cQ) (cQ) terms tr (c µ R Q R ) U (c µL Q L ) U † tr [(c µ R Q R ) (c µR Q R ) + (c µ L Q L ) (c µL Q L )] tr (c µ R Q R ) tr (c µR Q R ) + tr (c µ L Q L ) tr (c µL Q L ) (B25)
